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1. Introduction
We denote by PG(n,q2) the n-dimensional projective space over the ﬁeld GF(q2), with n  3 and
q odd, and by H(n,q2) a Hermitian variety in PG(n,q2) determined by a non-degenerate Hermitian
form. A blocking set of H(n,q2) with respect to k-dimensional subspaces of PG(n,q2) contained in
H(n,q2) is a set of points of H(n,q2) that meets every k-dimensional subspace of PG(n,q2) contained
in H(n,q2); a blocking set is minimal if the removal of any point leads to a non-blocking set (thus
each point is essential). In this paper we are interested in blocking sets of H(n,q2) with respect to
generators when n is odd, meaning blocking sets of H(n,q2) with respect to (n − 1)/2-dimensional
subspaces of PG(n,q2) contained in H(n,q2). We construct a family of small minimal blocking sets
that are non-linear in the sense that they do not lie in a subspace of PG(n,q2) of dimension (n+1)/2.
Blocking sets of Hermitian surfaces appear rare. Indeed the authors are aware of no examples of
minimal blocking sets apart from the linear blocking sets investigated by Metsch in [6], the example
in [1] that is generalised in the current work and some examples in H(3,q2) given by Cimrakova,
De Beule and Fack in [2].
An ovoid in H(n,q2), if one exists, is a set of points of H(n,q2) that meets each generator exactly
once. The size of an ovoid would be qn + 1: this provides a lower bound for the size of a minimal
blocking set. We show the blocking sets we construct have size qn−1(q + 1). We are not aware of any
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number of generators: (q + 1)(q3 + 1) · · · (qn + 1).
Metsch conjectures that the smallest minimal blocking sets with respect to k-dimensional sub-
spaces of PG(n,q2) are linear (i.e., they lie in a subspace of PG(n,q2) of dimension n − k). In [6] he
proves the conjecture (with a minor caveat) when k (n− 3)/2, and (with De Beule) in [4] he proves
the conjecture (with a minor caveat) when n is even and k < (n − 1)/2. For k = (n − 1)/2 the conjec-
ture remains unproven. Nevertheless linear blocking sets remain examples of small minimal blocking
sets with sizes ranging from (q(n+3)/2 − (−1)(n+3)/2)(q(n+1)/2 − (−1)(n+1)/2)/(q2 − 1) to qn−1(q + 1)
(see Section 6). Our construction, which works for odd q, thus provides examples that are similar in
size to the linear blocking sets.
2. The construction of a set Bn
We suppose that n and q are both odd. We write H for the Hermitian variety H(n,q2). We use
properties of commuting polarities to construct a set of points Bn that we prove to be a minimal
blocking set. The construction generalises that given in [1] for the case n = 3.
The notion of commuting polarities was introduced by J. Tits [9]. In [7], Segre extensively devel-
oped the theory of polarities commuting with a non-degenerate unitary polarity deﬁned on a ﬁnite
projective space; Segre’s work forms the background to our construction of blocking sets.
Let B be a non-degenerate orthogonal polarity commuting with the Hermitian polarity U asso-
ciated with H, and let Q(n,q2) be the quadric associated with B. If V = BU = UB, then V is a
non-linear collineation, the ﬁxed points of V form a Baer subspace Σ0 = PG(n,q) of PG(n,q2) which
meets both H and Q(n,q2) in a non-degenerate ‘Baer quadric’ Q(n,q).
Suppose that H is given by Xq+10 + · · · + Xq+1n = 0 and that quadrics Rα = Qα(n,q2) are given
by αX20 + X21 + · · · + X2n = 0 with αq+1 = 1. Let Bα be the orthogonal polarity of Rα . Each of the
q + 1 polarities Bα commutes with U , with an associated semilinear involution Vα = UBα . The ﬁxed
points of Vα on PG(n,q2) are the points of a Baer subspace Σα which meets H in the Baer quadric
Qα = Q±α (n,q); this quadric is elliptic for half the values of α and hyperbolic for the other half. The
intersection Sα of Qα(n,q2) with H consists of the points of the quadric Q±α (n,q) together with the
GF(q2)-extensions of the lines of Q±α (n,q). The quadrics Qα(n,q2) are all necessarily hyperbolic.
We denote by  the hyperplane X0 = 0 of PG(n,q2), which is ﬁxed (globally) by each Vα . The
intersection of  and Σα is the same set 0 for each α, and 0 is a hyperplane of each Σα . If k is a
subspace of  that is a GF(q2)-extension of a subspace of 0, then kU = kBα for each α, and in these
circumstances we write k⊥ for kU . We observe that 0 meets H and each Qα in the same set P0,
a parabolic quadric of PG(n − 1,q); indeed P0 is the intersection of any two of the Baer quadrics
Q±α (n,q). Our main theorem is the following:
Theorem 2.1. For any odd n  3, the set Bn =⋃α Q±α (n,q) \ P0 is a minimal blocking set of H(n,q2) with
respect to generators.
We use a reduction argument, the initial case being:
Result 2.2. (See [1].) B3 is a minimal blocking set of H(3,q2) with respect to generators.
Remark 2.3. When n is even, it is still possible to deﬁne a set of quadrics Qα(n,q2), although P0
is no longer parabolic, but there is no possibility of Bn being a blocking set. To see this, consider a
generator π of H that lies in . Any point of π ∩Qα(n,q) lies in  so lies in Qα(n,q)∩ = P0, and
by deﬁnition P0 ∩ Bn = ∅.
3. Preliminary results and observations
Suppose we have commuting polarities U ,B on PG(n,q2) with H,Q = Q(n,q2),Σ0,Q0 = Q(n,q)
as described in the previous section, and suppose that k is a non-degenerate hyperplane k of Σ0. The
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(up to a scalar) by the bilinear form corresponding to Q0; indeed we can regard them as coinciding
on the vector space V (n+1,q) corresponding to Σ0. Thus we can set a co-ordinate system so that the
restriction of Q0 to k is given by X21 + · · · + X2n = 0 and H is given on the corresponding hyperplane
of PG(n,q2) by Xq+11 + · · · + Xq+1n = 0. Rather than extending the co-ordinate system to Σ0, we can
extend it to PG(n,q2) in such a way that H is given by Xq+10 + · · · + Xq+1n = 0, and then Q will be
given by αX20+ X21 +· · ·+ X2n = 0 for some α ∈ GF(q2). It is a consequence of commuting polarities that
αq+1 = 1. This means that if we have a set of q + 1 non-degenerate quadrics of PG(n,q2) commuting
with H, such that the corresponding Baer subspaces share a common non-degenerate hyperplane,
then the co-ordinate system can be chosen so that H and the quadrics are as given in the previous
section. This observation allows us to establish a lemma that is useful in our reduction argument.
Lemma 3.1. Suppose that n  5 and that 0 is a non-degenerate line of 0 , with  the extension of 0 to
GF(q2). Then ⊥ ∩ Bn has the structure of Bn−2 .
Proof. We note that ⊥ ∩ Bn =⋃α(Q±α (n,q) ∩ ⊥) \ (P0 ∩ ⊥) and this is a subset of H(n − 2,q2) =
H∩ ⊥ . For each α, the polarity of Q±α (n,q)∩ ⊥ commutes with the polarity of H(n−2,q2), and the
product ﬁxes each point in the parabolic quadric P0 ∩ ⊥ . It is clear that the quadrics Q±α (n,q) ∩ ⊥
are distinct. It now follows that there is a co-ordinate system for ⊥ , relative to which H(n − 2,q2)
has equation Y q+10 + Y q+11 +· · ·+ Y q+1n−2 = 0 and the quadrics have equations γ Y 20 + Y 21 +· · ·+ Y 2n−2 = 0
with γ ∈ GF(q2) with γ q+1 = 1; further, P0 ∩ ⊥ is given by Y 21 + · · · + Y 2n−2 = 0 inside Y0 = 0. Thus
⊥ ∩ Bn has the structure of Bn−2. 
Remark 3.2. Notice that when Q±α (n,q)∩ ⊥ has equation γ Y 20 + Y 21 + · · · + Y 2n−2 = 0, it is not neces-
sarily the case that γ = α. Indeed if 0 is external to P0, then Q±α (n,q)∩ ⊥ is hyperbolic if and only
if Q±α (n,q) is elliptic, so γ = α.
4. Bn is a blocking set for n odd
Lemma 4.1. Let π be any generator of H(n,q2) and let k = π ∩ . Then k meets the GF(q2)-extension of a
non-degenerate line of 0 .
Proof. Suppose ﬁrst that π meets 0, and let X be a point in the intersection. Then any non-
degenerate line 0 of 0 through X has the required properties.
Now suppose that π does not meet 0 and choose any quadric Qα . If k met Vα(k), then k∩Vα(k)
would be ﬁxed (globally) by Vα and would therefore extend a subspace of 0, which would imply
that π met 0. Hence k and Vα(k) are skew and span an (n − 2)-dimensional subspace M of ;
M is ﬁxed by Vα so it extends a subspace M0 of 0. Observe that Vα(k) lies on H(n,q2) so M is
non-degenerate with respect to U and therefore M0 is a non-degenerate subspace of 0. As X varies
on k, the (qn−1 − 1)/(q2 − 1) lines (X) = 〈X,Vα(X)〉 each extend a line (X)0 of M0 and therefore
each contain q + 1 points of M0. Any two lines (X), (Y ) are skew because 〈X, Y ,Vα(X),Vα(Y )〉
has dimension 3. It follows that the (qn−1 − 1)/(q2 − 1) lines (X)0 contain all the points of M0 and
hence form a line-spread of M0. Each (X) meets H(n − 2,q2) = H ∩ M twice so (X0) cannot be a
tangent to Qα(n − 2,q) = Qα ∩ M0. The lines (X)0 cannot all lie on Qα(n − 2,q), so there is a line
0 = (X)0 that is non-degenerate, and k meets (X) in X . 
Theorem 4.2. For any odd n 3, Bn is a blocking set of H(n,q2) with respect to generators.
Proof. We argue by induction on n. The initial case is n = 3: it is shown in [1] that B3 is a blocking
set of H(3,q2) with respect to lines. Assume that n 5 and that Bn−2 is a blocking set of H(n−2,q2)
with respect to generators.
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meets the GF(q2)-extension  of 0. We write E for ⊥ . By Lemma 3.1, E ∩ Bn has the structure of
Bn−2. By the inductive hypothesis, E ∩ Bn is a blocking set of H ∩ E with respect to generators of
H ∩ E . In particular π ∩ E is a generator of H ∩ E , so it meets E ∩ Bn . But E ∩ Bn is a subset of Bn .
We conclude that π meets Bn . Hence Bn is a blocking set of H(n,q2) for any odd n 3. 
5. Bn is a minimal blocking set for n odd
Recall that Rα denotes Qα(n,q2), Qα denotes Q±α (n,q) and Sα denotes the subset of Rα obtained
by extending the lines on Qα to GF(q2).
In order to show that Bn is a minimal blocking set, we have to show that each point P is essential,
i.e., that Bn \ {P } is not a blocking set. We thus have to show that there is a generator that meets Bn
just in the point P . After an initial lemma, we prove that B5 is a minimal blocking set. This case is
the hardest to prove, but it also turns out to be necessary in proving the result for larger n.
Lemma 5.1. Suppose that P ∈ Qα \ P0 . Then there exists a generator π of H such that π ∩ Qα = {P }.
Proof. Let M = PU ∩  = PBα ∩ . Since P /∈ M , M is a non-degenerate n − 2-subspace of  ﬁxed
by Vα and so M extends a subspace M0 of 0. Let 1 + · · · + r (r = (n − 1)/2) be a decomposition
of M0 into pairwise orthogonal non-degenerate lines, and choose on the GF(q2)-extension of each
i a point Yi of H \ 0 (each extension being a q + 1 secant to H); note that Vα(Yi) is distinct
from Yi but still lies on the GF(q2)-extension of i . Let π be the generator 〈P , Y1, Y2, . . . , Yr〉 of H.
Then π ∩ Vα(π) = {P } so π does not meet P0. Suppose that π ∩ Qα contains a point R = P , then
R ∈ π ⊂ PU = PBα and so P R is a line on Qα ; such a line must meet P0, a contradiction. 
Lemma 5.2. Suppose n = 5 and that P ∈ Qα \ P0 . There exists a plane of H meeting Rα in the single point P
if and only if Qα is elliptic.
Proof. Suppose that π is a generator of H passing through P . Then k = π ∩ is line of . Moreover
M = PU ∩  is a solid ﬁxed by Vα and containing k. Conversely, whenever k is a line on H ∩ M , the
plane k + P is a generator of H passing through P . Suppose that there is a point R = P of Rα ∩ π .
Then R ∈ PU = PBα and so P R is a line on Rα that necessarily meets k. It follows that k meets the
Q+(3,q2) formed by the intersection of Rα and M . Conversely any line k of H ∩ M that meets Rα
gives rise to a generator k + P that meets Rα in at least a line. Thus the existence of a plane H
meeting Rα in the single point P is equivalent to the existence of a line of H ∩ M that does not
meet Rα .
Now consider lines of H(3,q2) in relation to R = Rα ∩ M and Q = Qα ∩ M . This last is of the
same type (elliptic or hyperbolic quadric) as Qα . We write S for Sα ∩M which happens to be R∩H.
Suppose ﬁrst that Q is elliptic. If a line of H met Q in two or more points, then it would extend
a line on Q to GF(q2), but Q has no such line. Hence a line of H meets Q in at most 1 point. Each
of the q2 + 1 points of Q lies on q + 1 lines of H, so (q + 1)(q2 + 1) lines of H meet Q in one point.
There are (q + 1)(q3 + 1) lines on H, so there are (q + 1)(q3 − q2) lines that do not meet Q. In this
(elliptic) case, S = Q, so there are (q+ 1)(q3 − q2) lines of H that do not meet R. Hence there exists
a plane of H meeting Rα in the single point P .
Now suppose that Q is hyperbolic. There are potentially 4 types of line of H when classiﬁed in
terms of the intersection with Q and S: lines of S (i.e., GF(q2)-extensions of lines of Q) — there are
2(q + 1) of these; tangent lines to Q — there are (q + 1)2 points of Q and through each point there
are q + 1 lines of H of which 2 are lines of S so there are (q − 1)(q + 1)2 tangents altogether; there
are lines that meet S in 2 points not on Q and lines that don’t meet S at all. In the third class we can
choose a ﬁrst point X in 2(q+1)(q2 −q) ways and the second point Y = XU ∩m for one of q possible
lines m on S arising from the same regulus as X but not containing X (if m were from the opposite
regulus, the two lines would meet and span a plane on H); given that each line is counted twice in
this process, we have q(q + 1)(q2 − q) lines of this type. We have now accounted for (q + 1)(q3 + 1)
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also conﬁrms that we have identiﬁed all possible types of line). Hence every plane of H that contains
P contains a line of Rα . 
Corollary 5.3. Suppose n = 5 and that π is a plane of H passing through P ∈ Qα \ P0 that does not meet P0 .
If Qα is elliptic, then π ∩ Rα is the single point P , while if Qα is hyperbolic, then π ∩ Rα is a pair of lines
meeting in P , and intersecting Qα in P .
Proof. We observe that π ∩ Rα is a conic. Moreover π ⊂ PU = PBα so the conic is degenerate. The
possibilities for a degenerate conic are: a point, a line, a pair of lines and a plane. In the notation
of the previous lemma, the line k = π ∩  cannot here meet Q. There are then four possibilities for
the way in which k interacts with S: it can be disjoint from S , it can meet S in one point, it can
meet S in two points, or it can meet S in a line. The second and fourth possibilities do not occur at
all (because π does not meet P0). The ﬁrst possibility corresponds to the elliptic case and the third
possibility to the hyperbolic case. 
Proposition 5.4. Suppose that n = 5 and that P is a point of Qα \ P0 and let π be a plane on H such that
π ∩ Qα = {P }. Then π does not meet B5 \ {P }.
Proof. Suppose that π meets a Qβ (β = α) in a point R .
Suppose that Qα and Qβ are both hyperbolic. By Corollary 5.3, π ∩ Rα is a pair of lines meeting
in P and π ∩ Rβ is a pair of lines meeting in R . Each of the given lines through P meets each of the
given lines through R , giving 4 non-collinear points in π , each lying in Rα ∩ Rβ . But Rα ∩ Rβ is a
parabolic quadric in , implying that π lies in , a contradiction.
Suppose that one of Qα and Qβ is elliptic — we may assume that Qα is elliptic. As we have
already seen, M = PU ∩  is non-degenerate 3-space ﬁxed by Vα so it extends a non-degenerate
3-subspace of 0, and k = π ∩  is a line of H(3,q2) = H ∩ M that is external to Q+(3,q2) =
Rα ∩ M; note that k and Vα(k) are disjoint. Arguing as before, as X varies on k the q2 + 1 lines
(X) = 〈X,Vα(X)〉 extend lines (X)0 of M0 that form a spread. Note that M0 meets both H(3,q2)
and Q+(3,q2) in an elliptic quadric, so none of the lines (X)0 can lie on the quadric. Moreover each
(X) contains at least 2 points of H(3,q2) so no (X)0 can be tangent to the elliptic quadric. Hence
each (X)0 is non-degenerate. Now consider RU : it cannot contain M , since otherwise MU would be
P R which lies on H. Therefore RU ∩ M is a plane containing k. In particular RU meets Vα(k) in a
point Vα(Y ), and now the non-degenerate line  = (Y ) lies in PU ∩ RU . Put another way, P , R both
lie in U . The line 0 = (Y )0 lies in 0, so by Lemma 3.1, ⊥ ∩ B5 has the structure of B3. Observe
that P , R both lie on the line π ∩ U . In other words 〈P , R〉 is a generator of H(3,q2) = H ∩ ⊥ that
meets B3 in at least 2 points. It is shown in [1] that this cannot occur. This contradiction establishes
that this case cannot occur either. 
Theorem 5.5. B5 is a minimal blocking set of H(5,q2) with respect to generators.
Proof. Let P be any point of B5, say P lies in Qα \P0 and let π be a plane on H such that π ∩Qα =
{P }. By Proposition 5.4, π meets B5 in the single point P , so π is a generator of H that does not
meet B5 \ {P }. It follows that B5 \ {P } is not a blocking set, so P is essential for every point P . Hence
B5 is a minimal blocking set. 
Theorem 5.6. If n 7 is odd, then Bn is a minimal blocking set.
Proof. Let P be any point of Bn , say P lies in Qα \ P0 and let π be a generator of H such that
π ∩Qα = {P }. Suppose π meets Qβ in R for some β = α. Construct M = PU ∩,k = π ∩M and Vα(k)
as before. Note here that Vα(k) = (kU )Bα = kBα (where here we regard Vα , U and Bα as restricted
to M), and k,Vα(k) are disjoint so they are non-degenerate with respect to Bα . As argued before,
the subspace RU contains k but not M , so it meets Vα(k) in an (r − 2)-dimensional subspace (where
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with respect to Bα , the subspace Z = W ∩ W Bα is either empty or is a single point and hence
a complement of Z in W has dimension at least r − 3. Moreover such a complement must be non-
degenerate with respect to Bα , so W contains a subspace N of dimension r−3 that is non-degenerate
with respect to Bα . Then N + Vα(N) is a subspace of  ﬁxed by Vα , is non-degenerate with respect
to both Bα and U , and has dimension 2r − 5 = n − 6. Hence E = (N + Vα(N))U is a non-degenerate
subspace ﬁxed by Vα of dimension 5 that contains P . For each α, the restriction Bα|E commutes
with U|E . The corresponding quadrics are Qα ∩ E , any two intersecting in P0 ∩ E . Consider the set
B5 =⋃α(Qα ∩ E)\ (P0 ∩ E) and the generator π ∩ E of H(5,q2) = H∩ E: clearly π ∩Qα ∩ E = {P }. On
the one hand, by Proposition 5.4, π ∩ E does not meet B5 \ {P }. On the other hand, N + Vα(N) ⊆ RU ,
so R ∈ E ∩ Qβ ∩π and therefore R ∈ (B5 \ {P }) ∩ (π ∩ E). The contradiction proves that π ∩ Bn = {P }.
Hence each P ∈ Bn is essential and Bn is a minimal blocking set. 
6. Linear blocking sets and the size of Bn
We recall here the notion of a linear blocking set as described by Metsch in [6]. A blocking set
can be deﬁned with respect to k-dimensional subspaces on H, i.e., a set of points that meets each
k-dimensional subspace on H. Any (n − k)-dimensional subspace W of PG(n,q2) will be a blocking
set with respect to k-dimensional subspaces on H, indeed so will W ∩ H. This motivates Metsch
to deﬁne a linear blocking set of H(n,q2) with respect to k-dimensional subspaces to be a blocking
set that lies in some (n − k)-dimensional subspace of PG(n,q2). Metsch states that (W \ W U ) ∩ H
is a unique minimal blocking set inside W ∩ H when k < (n − 1)/2. This remains the case when
k = (n − 1)/2. We note that a different usage of the term ‘linear blocking set’ was introduced for
projective planes by Lunardon in [5] and generalised for PG(n,q) by Sziklai in [8].
We consider here the sizes of linear blocking sets (with respect to (n − 1)/2-dimensional sub-
spaces) and compare with sizes of Bn . Let r = (n − 1)/2. Then W is an (r + 1)-dimensional subspace
of PG(n,q2) and R = W ∩ W U is the radical of W : it has the property that any complement of
R in W is non-degenerate. If the dimension of R is t (with necessarily 0  t  r − 1), then any
complement has dimension r − t . Thus the number of points of H in W is |H(r − t,q2)|(1 +
(q2 − 1)|R|) + |R| = |H(r − t,q2)|q2t+2 + |R| and thus the number of points of H in W \ R is
|H(r − t,q2)|q2t+2 = q2t+2(qr−t+1 − (−1)r−t+1)(qr−t − (−1)r−t)/(q2 − 1) (from [3] for example): if
R is empty, then the number of points of H in W \ R corresponds to taking t = −1. In particular,
when t = r − 1, the ﬁgure is q2r(q + 1) = qn−1(q + 1). The smallest value occurs when taking t = −1
and is (qr+2 − (−1)r+2)(qr+1 − (−1)r+1)/(q2 − 1).
In turning to Bn , we ﬁrst note that each secant line to Qα in Σα passing through (1,0, . . . ,0)
contains two points of Bn , which leads to the conclusion that Bn spans PG(n,q2) and is thus a non-
linear blocking set. In considering the size of Bn , we observe that the numbers of points on the
quadrics Q +(n,q), Q −(n,q) and Q (n−1,q) are respectively (qr+1 −1)(qr +1)/(q−1), (qr+1 +1)(qr −
1)/(q − 1) and (qr − 1)(qr + 1)/(q − 1) (again from [3]), from which we can calculate that |Bn| =
q2r(q + 1) = qn−1(q + 1). It is not diﬃcult to show that the size of Bn coincides with the size of the
largest linear blocking set, namely that arising from t = r − 1.
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